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Abstract
The colour-singlet axial-vector vertex plays a pivotal role in understanding dynamical chiral symmetry breaking and numerous
hadronic weak interactions, yet scant model-independent information is available. We therefore use longitudinal and transverse
Ward-Green-Takahashi (WGT) identities, together with kinematic constraints, in order to ameliorate this situation and expose
novel features of the axial vertex: amongst them, Ward-like identities for elements in the transverse piece of the vertex, which
complement and shed new light on identities determined previously for components in its longitudinal part. Such algebraic results
are verified via solutions of the Bethe-Salpeter equation for the axial vertex obtained using two materially different kernels for the
relevant Dyson-Schwinger equations. The solutions also provide insights that suggest a practical Ansatz for the axial-vector vertex.
Keywords: Quantum chromodynamics, Ward-Green-Takahashi identities, dynamical chiral symmetry breaking,
Dyson-Schwinger equations, Goldstone Bosons, nonperturbative methods, weak interactions
1. Introduction.
Dynamical chiral symmetry breaking (DCSB) is a crucial emer-
gent phenomenon in the Standard Model, which can be charac-
terised as the generation of mass from nothing [1]. It is a the-
oretically well-established feature of nonperturbative quantum
chromodynamics (QCD) that, inter alia, provides an explana-
tion for both the proton’s O(1) GeV mass in terms of strong-
interaction dressing of the O(1) MeV current-quark masses
and, simultaneously, how the pion nevertheless remains almost
massless, on the hadronic scale, despite that hundred-fold mag-
nification of the current masses [2–4].
Drawing upon the foundation established by current-algebra
and the hypothesis of partial conservation of the axial-current
(PCAC) [5], the keystone for understanding DCSB may be
identified as the colour-singlet axial-vector vertex,1 Γ5µ, which
is the solution of a Bethe-Salpeter equation (BSE) with a γ5γµ
inhomogeneity. In QCD, this vertex describes the nature of
all measurable correlations between a dressed-quark and anti-
quark that have nonzero overlap with the JP = 1+ channel. It
is integral to comprehending hadronic weak interactions [7–9],
in the same sense as its parity partner, Γµ, the Schwinger func-
tion describing correlations in the JP = 1− channel, is crucial
to explaining the electromagnetic interactions of hadrons [10].
Regarding Γµ, a great deal of model-independent informa-
tion has been garnered over a thirty-year period, as may be
seen, e.g, from Refs. [11–39]. It was accumulated using tools
that range from perturbation theory to lattice gauge theory, and
constraints such as the Ward-Green-Takahashi (WGT) identi-
1We focus herein on those components of Γ5µ that are free from anomalies;
i.e., what may be called the flavour-nonsinglet pieces. Identities involving the
anomalous component are considered elsewhere [6].
pk
q = k − p
Figure 1: Axial-vector vertex, Γ5µ(k, p), with the momentum flow indicated.
Plainly, q = k − p, and we define t = (k + p)/2 for later use.
ties [40–43] and the Landau-Khalatnikov-Fradkin transforma-
tions [44–47]. Notably, following the pattern set by Ref. [10],
this knowledge has been invaluable in developing the theory
and phenomenology of the spectrum and electromagnetic inter-
actions of hadrons [2–4].
On the other hand, available information on Γ5µ is far less
robust. In fact, the difficulties with implementing chiral sym-
metry in lattice-QCD hamper progress in that direction [48],
the Ansa¨tze used in hadron phenomenology are typically no
more sophisticated than that written in Ref. [49], the most com-
plete computations [50–52] are performed in the leading-order
truncation of the Dyson-Schwinger equations (DSEs), and the
impact of DCSB-generated nonperturbative corrections to the
DSE kernels is only beginning to be explored and explicated
[53]. We describe remedial progress herein.
2. WGT Identities.
We begin with the Ward-Green-Takahashi identities [40–43]
and focus on systems involving valence-quarks with degenerate
current-masses: the generalisation to unequal current masses is
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straightforward. The longitudinal identity is well known2
qµΓ5µ(k, p) + 2imΓ5(k, p) = S −1(k)iγ5 + iγ5S −1(p) , (1)
where m is the current-quark mass,
S (k) = 1/[iγ · kA(k2) + B(k2)] (2)
is the dressed-quark propagator and Γ5(k, p) is the pseudoscalar
vertex, obtained from a BSE defined with a γ5 inhomogeneity.
The transverse identities [20, 43, 54–56] are less familiar
and, whereas the longitudinal WGT identity expresses proper-
ties of the divergence of the vertex, the transverse identities re-
late to its curl (as Faraday’s law of induction involves an electric
field). The transverse identities of use herein are:
qνΓµ(k, p) − qµΓν(k, p) = S −1(k)σµν + σµνS −1(p)
−2mΓµν(k, p) − 2 tλελµνρΓ5ρ(k, p) + AVµν(k, p) , (3a)
qµΓνρ(k, p) + qνΓρµ(k, p) + qρΓµν(k, p) = S −1(k)ε5µνρ
−ε5µνρS −1(p) + 2itλελµνρΓ5(k, p) + Pµνρ(k, p) , (3b)
where ε5µνρ = εµνρλγλγ5 and Γµν(k, p) is a rank-2 tensor vertex,
obtained from a BSE defined with a σµν inhomogeneity.
The last two terms in Eq. (3a) arise in computing the momen-
tum space expression of a nonlocal axial-vector vertex, whose
definition involves a gauge-field-dependent line integral [56];
and the last two terms in Eq. (3b) arise from similar manip-
ulations of an analogous nonlocal tensor vertex. Note that,
like Eq. (1), the transverse identities are valid in any covariant
gauge, which is the class we focus upon, and do not explic-
itly display dependence on the gauge-fixing parameter. It is
straightforward to verify that Eqs. (1) – (3) are satisfied by the
bare propagators and vertices, given that AVµν(k, p), Pµνρ(k, p)
are zero in the absence of interactions.
The presence of the unfamiliar vertices AVµν(k, p), Pµνρ(k, p)
in Eqs. (3) lends them an appearance of impracticality, since
even at one-loop order the expressions for such quantities are
complicated [6, 31, 32] and, moreover, they lead to a coupling
between the WGT identities. Notwithstanding these ostensi-
ble difficulties, progress can be made in the absence of de-
tailed forms for AVµν(k, p), Pµνρ(k, p) following the approach of
Ref. [38]. One first defines tensors
T 1µν =
1
4
εαµνβtαqβ ID, T 2µν =
1
4
εαµνβγαqβ, (4)
where ID is the 4 × 4 identity matrix in spinor space. Then, fol-
lowing their separate contraction with Eq. (3a), the contraction
of Eq. (3b) with qρ, and elimination of q2T 1,2µν Γµν(k, p) from the
equations obtained in favour of terms with no explicit involve-
ment of Γµν(k, p), one arrives at the following identities:
q2
[
t2 qµΓ5µ(k, p) − q · t tµΓ5µ(k, p)
]
= R 1(k, p) , (5)
q2
[
γ · t qµΓ5µ(k, p) − q · t γµΓ5µ(k, p)
]
= R 2(k, p) , (6)
2We use a Euclidean metric: {γµ, γν} = 2δµν; γ†µ = γµ; γ5 = γ4γ1γ2γ3,
tr[γ5γµγνγργσ] = −4ǫµνρσ; σµν = (i/2)[γµ , γν]; a · b =
∑4
i=1 aibi; and qµ
spacelike ⇒ q2 > 0.
with
R 1,2(k, p) = q2T 1,2µν
[
S −1(k)σµν + σµνS −1(p)
]
− 2mT 1,2µν
[
S −1(k)ε5µνρqρ − ε5µνρqρS −1(p)
+ 2itλqρελµνρΓ5(k, p)
]
+ T 1,2µν Yµν(k, p), (7)
where Yµν(k, p) = q2AVµν(k, p) − 2m qρPµνρ(k, p) denotes all
higher-order terms. Notably, the axial-vector and pseudoscalar
vertices remain coupled, even in the chiral limit. If this were not
the case, then current algebra and the PCAC hypothesis could
not have been successful.
With Eqs. (1), (5), (6) one has a set of three matrix-valued
identities for scalar-valued projections of Γ5µ(k, p), which
amounts to twelve linearly-independent but coupled linear
equations for twelve unknown scalar functions. One compli-
cation remains; namely, the contractions T 1,2µν Yµν(k, p). They
are computable once a truncation for the associated DSEs is
decided upon. However, a detailed form is not immediately
necessary. One can proceed by noting that they are merely
matrix-valued scalar amplitudes and hence can be expressed
succinctly:
iT 1,2µν Yµν(k, p) =
4∑
i=1
Pi(k, p)Y1,2i (k, p), (8)
where {Pi, i = 1, . . . , 4} is the pseudoscalar Dirac-matrix basis
P1(k, p) = γ5 , P2(k, p) = γ5(γ · q) ,
P3(k, p) = γ5(γ · t)(q · t), P4(k, p) = γ5 σαβ tα qβ , (9)
and the elements {Y1,2i , i = 1, . . . , 4} are scalar functions, to be
determined. At this point, a solution of Eqs. (1), (5), (6) pro-
vides an expression for Γ5µ(k, p) in terms of the dressed-quark
propagator, the pseudoscalar vertex and {Y1,2i , i = 1, . . . , 4}.
3. Algebraic solution of the coupled identities.
Retaining complete generality, one may write
iΓ5(k, p) = iP1(k, p)E5(k, p) + P2(k, p)F5(k, p)
+P3(k, p)G5(k, p) + P4(k, p)H5(k, p) , (10)
Γ5µ(k, p) = Γλ5µ(k, p) + Γτ5µ(k, p) (11)
=
4∑
j=1
λ j(k, p) γ5 L jµ(k, p) +
8∑
j=1
τ j(k, p) γ5 T jµ(k, p) , (12)
where the longitudinal matrix-valued tensors are (qˆ · qˆ = 1)
L1µ(k, p) = iqµID , L2µ(k, p) = qˆµ(γ · qˆ)
L3µ(k, p) = qˆµ(γ · t) , L4µ(k, p) = qˆµ(σαβ tα qˆβ) , (13)
and the tensors used to express the transverse part of the axial-
vector vertex, {T jµ(k, p), j = 1, . . . , 8}, are defined in Eq. (A.1).
One can obtain the solution of Eqs. (1), (5), (6) using any reli-
able means to solve a system of coupled linear equations.
A first noteworthy result is that, irrespective of the nature
of Yµν, the longitudinal piece of the axial vertex, Γλ5µ, is com-
pletely determined by the dressed-quark propagator and the
2
pseudoscalar vertex; viz., with Σφ(k2, p2) := [φ(k2) + φ(p2)]/2,
∆φ(k2, p2) := [φ(k2) − φ(p2)]/[k2 − p2],
λ1(k, p) = 1q2
[
2ΣB(k2, p2) − 2mE5(k, p)
]
, (14a)
λ2(k, p) = ΣA(k2, p2) − 2mF5(k, p) , (14b)
λ3(k, p) = 2 t · qˆ
[
∆A(k2, p2) − mG5(k, p)
]
, (14c)
λ4(k, p) = −2mH5(k, p) . (14d)
The solution for the transverse part, Γτ5µ, is determined by the
scalar functions {τi, i = 1, . . . , 8}. In order to display the results,
it is useful to write {τi =: τSi + τ
Y
i , i = 1, . . . 8}, wherein the
{τSi } are fully determined by the scalar functions appearing in
the dressed-quark propagator, Eq. (2); viz.,
τS1 (k, p) = ΣA(k2, p2) + 12 q
2
∆A(k2, p2)
+ 2m∆B(k2, p2), (15a)
τS3 (k, p) = 2m∆A(k2, p2) , (15b)
τS4 (k, p) = 12∆A(k
2, p2) , (15c)
τS5 (k, p) =
mΣA(k2, p2) − ΣB(k2, p2)
t · q
, (15d)
τS7 (k, p) = 2∆A(k2, p2) , (15e)
τS2 (k, p) = τS6 (k, p) = τS8 (k, p) = 0 . (15f)
The scalar functions {τYi }, on the other hand, express con-
tributions from {Y1,2i , i = 1, . . . , 4}, as apparent in Eqs. (A.2).
Amongst this set, the function τY5 presents a curious case.
Notwithstanding their strengths, the WGT-identities do not im-
pose the physical constraint that Γ5µ(k, p) should be free of
kinematic singularities at k2 = p2, which is the Ward-identity
limit. Plainly, τS5 (k, p) is singular at this point. Therefore,
τY5 (k, p) must be nonzero in general and contain a piece, com-
pletely determined by the dressed-quark propagator, which ex-
actly cancels the singularity. We will return to this point.
4. Neighbourhood of a pseudoscalar meson pole.
4.1 General observations. Consider the possibility that the lon-
gitudinal part of the axial-vector vertex possesses a simple pole,
at q2 + m2P = 0, associated with a pseudoscalar bound-state. In
that case, the pseudoscalar vertex must possess a similar pole;
and in the neighbourhood q2 + m2P ≃ 0, one may write3
Γ5µ(k, p) =
8∑
j=1
τ j(k, p) γ5 T jµ(k, p)
+iγ5 tµER(t, q) + γ5γµFR(t, q) + γ5 tµ(γ · t)GR(t, q)
−γ5σµν tνHR(t, q) + qµ 2rAΓP(t, q)q2 + m2P
, (16)
Γ5(k, p) = P1(k, p)ER5 (t, q) − iP2(k, p)FR5 (t, q) − iP3(k, p)
×GR5 (t, q) − iP4(k, p)HR5 (t, q) −
2irPΓP(t, q)
q2 + m2P
, (17)
3In this section it is advantageous to use a basis for the non-transverse part
of the vertex that differs from that in Eqs. (13). The mapping between Eqs. (16)
and (12) is straightforward.
where the putative pole is made explicit, so that each element
remaining in Eqs. (16), (17) is regular on q2 + m2P ≃ 0. In
these equations, 2rA and 2rP are, respectively, the residues of
the supposed pseudoscalar meson pole in the axial-vector and
pseudoscalar vertices (the explicit factor of “2” reflects consid-
erations associated with the flavour structure of the vertex and
canonical normalisation of the bound-state [57, 58]), and
ΓP(t, q) = iP1(k, p)EP(t, q) + P2(k, p)FP(t, q)
+P3(k, p)GP(t, q) + P4(k, p)HP(t, q) (18)
is the pseudoscalar meson’s Bethe-Salpeter amplitude [59].
It is informative to substitute these decompositions into the
WGT identities, Eqs. (1), (5), (6), an operation which yields the
following relations, valid on q2 + m2P ≃ 0:
ER(t, q) = 2q · t
[
ΣB(k2, p2) − rAEP(t, q)
−mER5 (t, q) +NP(q2)EP(t, q)
]
, (19a)
FR(t, q) = ΣA(k2, p2) − 2 [rAFP(t, q)
+mFR5 (t, q) − NP(q2)FP(t, q)] , (19b)
GR(t, q) = 2 [∆A(k2, p2) − rAGP(t, q)
−mGR5 (t, q) +NP(q2)GP(t, q)] , (19c)
HR(t, q) = 2 [−rAHP(t, q) − mHR5 (t, q)
+NP(q2)HP(t, q)] , (19d)
where NP(q2) = [m2πrA − 2mrP]/[q2 +m2P]. Since the left-hand-
side in each of these identities is regular by definition, then
rAm
2
P = 2mrP . (20)
This is the generalised form of the Gell-Mann–Oakes–Renner
relation derived in Ref. [57], wherein it is also shown that rA is
the pseudoscalar meson’s leptonic decay constant, rA = fP, and
the product fPrP is the in-meson condensate [58, 60–62].
Since Eq. (20) is valid in the neighbourhood of any pseu-
doscalar meson pole, there are numerous corollaries and gener-
alisations, some of which apply to heavy-light [63] and heavy-
heavy [64] pseudoscalar mesons, and others to radially excited
and hybrid pseudoscalar mesons [65–67]. In the latter connec-
tion it is important to highlight one aspect of the corollary. Con-
sider the ground-state and suppose that chiral symmetry is dy-
namically broken, in which case fπ , 0. Then, according to
Eq. (20), it follows that the ground-state is massless in the chi-
ral limit because mrP ≡ 0. On the other hand, in the same
circumstances the mass of any non-ground-state pseudoscalar
meson is nonzero; and hence Eq. (20) entails rA = fP = 0, so
that the non-ground-state pseudoscalar meson pole disappears
completely from the axial-vector vertex.
4.2 Pseudoscalar meson ground state. Let us focus first, there-
fore, on the ground state in the chiral limit. Then, on q2 ≃ 0,
with y := t2, w := t·q, Eqs. (19) entail the following Goldberger-
Treiman-like identities
ER(y,w) = 2
w
[
ΣB(y + w, y − w) − fPEP(y,w)] , (21a)
FR(y,w) = ΣA(y + w, y − w) − 2 fPFP(y,w) , (21b)
3
GR(y,w) = 2∆A(y + w, y − w) − 2 fPGP(y,w) , (21c)
HR(y,w) = −2 fPHP(y,w) . (21d)
In the chiral limit, indeed, whenever the valence-quark con-
stituents are degenerate, the pseudoscalar meson multiplet con-
tains an eigenstate of the charge conjugation operator and hence
EP(y,w) is an even function of w. Using this feature in con-
junction with the fact that, by construction, ER cannot possess
a pole on q2 ≃ 0, then Eqs. (21) yield the relations obtained in
Ref. [57] and verified in Ref. [58]; viz.,
fPEP(y,w = 0) = B(y) , (22a)
FR(y,w = 0) + 2 fPFP(y,w = 0) = A(y) , (22b)
GR(y,w = 0) + 2 fPGP(y,w = 0) = 2A′(y) , (22c)
HR(y,w = 0) + 2 fPHP(y,w = 0) = 0 , (22d)
and, plainly, ER(y,w = 0) = 0. These are Ward-like identities
for the axial-vector vertex.
Equations (21) are more general than Eqs. (22), being valid at
each value of (y,w) on q2 ≃ 0. Consequently, if one knows the
dressed-quark propagator and ground-state pseudoscalar me-
son’s bound-state amplitude in the chiral limit, then the lon-
gitudinal part of the axial-vector vertex is completely specified
on this domain.
Notably, B(y) , 0 in the chiral limit is synonymous with
DCSB. Equation (22a) can thus be used to argue [57] that, in
the chiral limit, DCSB is a sufficient and necessary condition
for the appearance of a massless pseudoscalar bound state that
is also the dominant feature of the axial-vector vertex on q2 ≃ 0.
(This is not true of the flavour-singlet component [68].)
4.3 Pseudoscalar meson excited states. Equations. (19), with
NP(q2) ≡ 0, are valid in the neighbourhood of the pole asso-
ciated with any pseudoscalar meson constituted from valence-
quarks with nonzero current-mass. In the chiral limit, however,
as noted in the paragraph preceding Sec. 4.2, the pole associated
with any non-ground-state pseudoscalar meson decouples from
the axial-vector vertex, so steps used in the derivation of these
equations are invalid. Thus, in the chiral limit one may revert to
Eqs. (14): inserting q2 = −m2P, they yield (y± = y ± w − m2P/4)
λ1(y,w;−m2P) = −
2
m2P
ΣB(y+, y−) , (23a)
λ2(y,w;−m2P) = ΣA(y+, y−) , (23b)
λ3(y,w;−m2P) = −
2w
m2P
∆A(y+, y−) , (23c)
λ4(y,w;−m2P) ≡ 0 . (23d)
Evidently, on q2 + m2P ≃ 0 the momentum-dependence of the
longitudinal piece of the axial-vector vertex is completely de-
termined by that of the dressed-quark propagator.
5. Transverse part of the axial-vector vertex.
The presence or absence of a pseudoscalar meson pole has no
effect on the transverse part of the axial-vector vertex, which
is determined by the sum {τi = τSi + τ
Y
i , i = 1, . . . , 8} with
{τSi , i = 1, . . . , 8} and {τYi , i = 1, . . . , 8} given, respectively, in
Eqs. (15), (A.2). It is worth understanding the role of the higher-
order terms, {τYi , i = 1, . . . , 8} so that, e.g., one may continue
forming impressions that inform the construction of an Ansatz
for Γ5µ. (Naturally, Γτ5µ(k, p) will exhibit resonance structures
associated with each axial-vector meson but this feature is not
germane to the present discussion.)
As we remarked in the last paragraph of Sec. 3, Γ5µ(t, q) must
be free of kinematic singularities at k2 − p2 = 2t · q = 2w = 0,
and hence one may write
τY5 (y,w; q2) = −τS5 (y,w; q2) +
w ˜Y11 (y,w; q2)
w2 − y q2
, (24)
where ˜Y11 (y,w; q2) is even under w → −w owing to the charge-
conjugation symmetry of Γ5µ(t, q). Following this observation,
we arrive at the following Ward-like identity
τ5(y,w = 0; q2) ≡ 0 . (25)
In order to elucidate these and related matters, we solved the
vertex Bethe-Salpeter equation using the two distinct symmetry
preserving kernels detailed in Appendix A of Ref. [52], with a
current-quark mass that produces mπ = 0.14 GeV. One solution
is obtained using the rainbow-ladder (RL) truncation, which is
the leading-order in a systematic, symmetry-preserving scheme
[69, 70]. The other is obtained with the most sophisticated ker-
nel that is currently available; namely, a DCSB-improved (DB)
kernel that incorporates essentially nonperturbative effects gen-
erated by DCSB that are omitted in RL truncation and any step-
wise improvement thereof [36, 53, 71].
An immediate truncation-independent result is confirmation
of Eq. (25). Moreover, the functions τ2,6,8, for which τS2,6,8 ≡ 0,
remain zero after the addition of τY2,6,8(y,w = 0, q2). Hence,
we obtain another set of Ward-like identities for elements in the
transverse part of the axial-vector vertex:
τ2,6,8(y,w = 0; q2) ≡ 0 . (26)
This, again, is because kinematic singularities cannot appear;
the tensors T 2,6,8µ [Eqs. (A.1b), (A.1f), (A.1h)] are odd under the
charge conjugation operation; and hence τ2,6,8(y,w ≃ 0, q2) ∝ w
in a charge-conjugation invariant vertex.
We plot the functions τ1,3,4,7(y,w = 0; q2) in Figs. 2 and 3:
comparing the panels reveals the effect of both improving the
truncation and evolution with spacelike q2. Regarding the latter,
each function’s magnitude typically falls with increasing q2.
As one would have anticipated, τ1, the coefficient of γ5γTµ , is
the dominant function in the transverse part of the axial-vector
vertex, independent of the DSE kernels; and it evolves at ul-
traviolet momenta, t2 = y & 1.5 GeV2, according to Eq. (15a).
Its behaviour at infrared momenta is sensitive to the truncation,
with the DB-kernel producing a result that more closely tracks
that in Eq. (15a). This is readily understood because it has long
been known that in order to describe a given set of hadron
physics observables with a RL-kernel, too much interaction
strength must be located at infrared momenta, leading to mag-
nifications of A(p2 = 0), B(p2 = 0) that are unrealistically large
[72]. With DB kernels, on the other hand, the effect of DCSB is
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Figure 2: Rainbow-ladder truncation (RL), τ1,3,4,7(y,w = 0; q2); viz., the only
functions in the transverse piece of the axial-vector vertex that are nonzero at
w = 0. N.B. The circumflex indicates that each function is multiplied by an
appropriate power of |t| in order to make it dimensionless; the primed quantities
denote τˆS1,3,4,7(y,w = 0; q2); and ΛQCD ≈ 0.2 GeV.
expressed more realistically, being distributed over each of the
elements that appear in the kernel’s construction [53, 71]. Con-
sequently, the interaction need not be over-enhanced at infrared
momenta, so that the nonperturbative dynamical contributions
expressed in {Y1,2i , i = 1, . . . , 4} are smaller and the Schwinger
functions evolve less rapidly with momenta in order to reach
their ultraviolet limits.
The behaviour of the subleading functions, τ3,4,7(y,w =
0; q2), fits the same pattern. Each one is essentially nonpertur-
bative, because it is associated with a tensor structure that does
not appear in QCD’s Lagrangian, and therefore vanishes as a
power law at ultraviolet momenta. The momentum-dependence
of a given function at infrared momenta is sensitive to the struc-
ture of the kernel but the magnitude is smaller when the DB
kernel is used. The identities in Eqs. (15) are a fair guide to the
magnitudes of the functions τ3,4,7(y,w = 0; q2). However, they
do not always predict the correct sign, which also depends on
the kernel used. This shows that corrections from τY3,4,7 can be
noticeable. It follows that if one employs an Ansatz based on
Eqs. (15), then a reasonable error estimate may be obtained by
exploring the response of a given result to changes in the sign
of these terms.
6. Summary and Conclusions. Numerous symmetries of
QCD’s Lagrangian are expressed in the longitudinal and trans-
verse Ward-Green-Takahashi (WGT) identities. We used those
identities, together with kinematic constraints, in order to ex-
pose novel features of the colour-singlet axial-vector vertex.
Simplest amongst our results are a set of Ward-like identi-
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Figure 3: DCSB-improved truncation (DB), τ1,3,4,7(y,w = 0; q2); viz., the only
functions in the transverse piece of the axial-vector vertex that are nonzero at
w = 0. N.B. The circumflex indicates that each function is multiplied by an
appropriate power of |t| in order to make it dimensionless; the primed quantities
denote τˆS1,3,4,7(y, w = 0; q2); and ΛQCD ≈ 0.2 GeV.
ties for elements in the transverse part of the axial-vector ver-
tex, Eqs. (25), (26). They complement identities determined
previously for elements in the longitudinal part of the vertex,
Eqs. (22), which may now be viewed from a new perspective.
We showed, too, that in the chiral limit, in the neighbourhood of
the pole associated with any pseudoscalar meson excited-state,
the momentum-dependenceof the longitudinal part of the axial-
vector vertex is completely determined by the dressed-quark
propagator, Eqs. (23).
In addition, we solved the inhomogeneous Bethe-Salpeter
equation for the axial-vector vertex using two materially differ-
ent truncations of the relevant Dyson-Schwinger equation ker-
nels. This enabled us to verify all algebraic results. The solu-
tions also provided insights that suggest a form for the vertex
which, in the neighbourhood of the chiral limit, may be em-
ployed usefully on q2 ≥ 0 by those practitioners wishing to
work simply with solutions of the gap equation, thereby over-
coming the need for solving the inhomogeneous Bethe-Salpeter
equation in addition; viz., (y± = t2 ± t · q + q2/4)
Γ5µ(t, q) = ΓL5µ(t, q) + ΓM5µ(t, q) , (27)
Γ
L
5µ(t, q) = γ5γµΣA(y+, y−) + 2tµγ · t∆A(y+, y−)
+2iγ5
qµ
q2
ΣB(y+, y−) , (28)
Γ
M
5µ(t, q) = ∆A(y+, y−)
[
1
2
q2γ5γµ + γ5[qµγ · t
−(tµ + 12 qµ)γ · q] − iγ5γµσαβtαqβ
]
, (29)
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where A, B are computed in the chiral limit. An analogous ap-
proach has proved fruitful in the study of hadron electromag-
netic properties; e.g., Refs. [73–78].
The first piece, ΓL5µ in Eq. (28), was proposed elsewhere
[49]. It represents the most compact solution to the longitudi-
nal chiral-limit axial-vector WGT identity, Eq. (1), in the same
sense that the so-called Ball-Chiu Ansatz for the vector vertex
[11] solves the associated vector WGT identity. Notably, the
1/q2 singularity in ΓL5µ is real: it is the most striking part of the
contribution to Γ5µ from the dynamically generated pion pole.
The second term, ΓM5µ in Eq. (29), is new. In combination
with Eq. (28) it provides a solution of the coupled longitudinal
and transverse WGT identities that is minimal, in the sense that
it involves only those functions which appear in the dressed-
quark propagator, and is also free of spurious kinematic singu-
larities. It is interesting that the strength of this term is modu-
lated by ∆A, which expresses the finite-difference derivative of
the vector part of the dressed-quark self energy. As explained
in closing Sec. 5, the error associated with using Eq. (27) in any
computation may be gauged by comparing the result obtained
thereby with that produced by independently changing the signs
of the last two terms in Eq. (29).
Appendix A. Here we list the matrix-valued tensors used in
Eq. (12) to express the transverse part of the axial-vector vertex:
T 1µ (k, p) = γTµ , (A.1a)
T 2µ (k, p) = iγTµ (γ · q) , (A.1b)
T 3µ (k, p) = iγTµ (γ · t) − i tTµ , (A.1c)
T 4µ (k, p) = γTµ [γ · t, γ · q] − 2 tTµ γ · q , (A.1d)
T 5µ (k, p) = iγTµ (γ · q) − 2 i tTµ , (A.1e)
T 6µ (k, p) = tTµ (γ · q) , (A.1f)
T 7µ (k, p) = tTµ (γ · t) , (A.1g)
T 8µ (k, p) = i tTµ [γ · t, γ · q] , (A.1h)
where the superscript “T” indicates that the associated four-
vector is contracted with Tµν = δµν − qˆµqˆν.
The solution for the transverse part of the axial-vector vertex
involves the scalar functions {τYi }, which we list here:
τY1 (k, p) = −
iY13
2q2
−
iY21
q2(k2 − p2) , (A.2a)
τY2 (k, p) = −
(2q2 + k2 − p2)Y11
2q2(k2 − p2)(k · p2 − k2 p2)
−
iY14
q2(k2 − p2) −
Y22
q2(k2 − p2) , (A.2b)
τY3 (k, p) =
Y11
(k2 − p2)(k · p2 − k2 p2) −
Y23
2q2
, (A.2c)
τY4 (k, p) =
iY12
2(k2 − p2)(k · p2 − k2 p2)
+
i(k2 − p2)Y13
8q2(k · p2 − k2 p2)
+
Y24
2q2(k2 − p2) , (A.2d)
τY5 (k, p) =
Y11
(k2 − p2)(k · p2 − k2 p2) , (A.2e)
τY6 (k, p) = −
2iY12
(k2 − p2)(k · p2 − k2 p2)
+
i(k2 − p2)Y13
4q2(k · p2 − k2 p2)
+
iY21
2q2(k · p2 − k2 p2) , (A.2f)
τY7 (k, p) = −
3iY13
2(k · p2 − k2 p2)
−
iY21
(k2 − p2)(k · p2 − k2 p2) , (A.2g)
τY8 (k, p) = −
3iY14
2(k2 − p2)(k · p2 − k2 p2)
−
Y22
2(k2 − p2)(k · p2 − k2 p2)
−
(k2 − p2)Y23
8q2(k · p2 − k2 p2) , (A.2h)
where we have suppressed the arguments of {Y1,2i (k, p), i =
1, . . . , 4}.
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